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We show that the twist decomposition of non-local scalar off-cone QCD-operators, which in
x−space is infinite, after Fourier transformation with the singular functions 1/(x2 − iǫ)λ for λ = 1
and 2 terminates at leading and sub-leading twist, respectively. Therefore, only a finite number of
twists contribute to the target mass corrections of light-cone dominated scattering processes. Their
explicit expressions may be read off directly from the twist decomposition in x−space.
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I. INTRODUCTION
Non-perturbative parton distribution amplitudes parameterizing the matrix elements of non-local quark-antiquark
operators play a central role in phenomenological considerations of hard hadronic processes. Thereby, different
processes are governed by one and the same (set of) nonlocal operators which occur in a quantum field theoretic
description via the non-local light-cone expansion [1, 2, 3]. For deep inelastic lepton-hadron scattering and Drell-Yan
processes the parton distributions are given as forward matrix elements of bilocal light-ray operators. For (deeply)
virtual Compton scattering and hadron wave functions the so-called double distributions and hadron distribution
amplitudes, respectively, are given by corresponding non-forward matrix elements.
The dependence of these distribution amplitudes on the momentum transfer Q2 may be determined perturbatively.
In higher orders, besides radiation corrections, there are various concurring effects due to the (higher) twists of
operators appearing in the light-cone expansion as well as due to target mass contributions being related to the traces
of the off-cone operators of definite twist. Here, the notion of geometric twist τ = (canonical) dimension d - spin j is
used as has been introduced by Gross and Treiman [4] for local operators as a purely group theoretical concept.
Using a purely group theoretical procedure the (finite) twist decomposition of non-local light-ray operators in
configuration space, as far as they are relevant for light-cone dominated hadronic processes, has been performed in
Ref. [5, 6]. However, if one wants to calculate target-mass corrections for scattering processes one is forced to consider
the (infinite) twist decomposition off the light-cone thereby taking into account all trace terms which, after Fourier
transformation into momentum space, lead to contributions suppressed by powers of M2/Q2. However, a complete
off-cone twist-decomposition of non-local operators is only possible when their nth moments are totally symmetric, i.e.,
have symmetry type [n]. In general, non-local operators occur which are related to irreducible tensor representations
of the Lorentz group whose symmetry type is determined by non-trivial Young patterns [6]. The twist decomposition
in x−space has been determined completely for the totally symmetric case as well as partially for the physically
relevant non-trivial QCD operators [7]. However, that consideration missed the final Fourier transformation. This
will be considered here in the most simplest case of totally symmetric scalar operators.
Target mass corrections in unpolarized deep inelastic scattering has been treated group theoretically for the first
time by Nachtmann [8] by expanding into a series of Gegenbauer polynomials. The same procedure was then applied
later on by various authors to calculate target mass corrections in polarized deep inelastic scattering [9, 10, 11, 12, 13]
and to determine meson mass corrections [14, 15]. Ref. [16] treats twist–2 target mass corrections in deeply virtual
Compton scattering. – Another method for the construction of mass corrections in the unpolarized forward case was
given by Georgi and Politzer [17]. This method has been applied to polarized forward scattering in Ref. [18, 19].
Let us begin with the expression for the amplitude of virtual Compton scattering,
Tµν(Pi, Q;Si) = i
∫
d4x eiqx
〈
P2, S2
∣∣ RT (Jµ(x/2)Jν(−x/2)S) ∣∣P1, S1〉 , (1)
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2where P1(P2) and S1(S2) are the momenta and spins of the incoming (outgoing) hadrons, Q
2 = −q2, q = q2 − q1 =
P1 − P2 denotes the momentum transfer and S is the (renormalized) S−matrix. The renormalized time-ordered
product of the two electro-magnetic currents in Jµ when approximating the quark propagator near the light-cone by
its most singular parts is given by the well-known expression (κ = 1/2):
T [Jµ (κx)Jν (−κx)] ≈
[
1
2π2 (x2 − iǫ)2 +
m2
8π2 (x2 − iǫ)
]
×
(
gµν O (κx,−κx)− 2 x{µOν} (κx,−κx)− i ǫµναβxαO5β (κx,−κx)
)
− im
4π2 (x2 − iǫ)
(
gµν N (κx,−κx) +M[µν] (κx,−κx)
)
. (2)
Here, the ’centered’ non-local chiral-even (axial) vector operatorsO
(5)
µ (κx,−κx) and the scalar operatorO (κx,−κx) =
xµOµ (κx,−κx) are given by the following (anti)symmetrized operators (whose leading twist is τ0 is 2 and 3)
Oµ (κx,−κx) = : ψ¯ (κx) γµ ψ (−κx) : − : ψ¯ (−κx) γµ ψ (κx) : ,
O5µ (κx,−κx) = : ψ¯ (κx) γ5γµ ψ (−κx) : + : ψ¯ (−κx) γ5γµ ψ (κx) : ,
O (κx,−κx) = : ψ¯ (κx) x/ ψ (−κx) : − : ψ¯ (−κx) x/ ψ (κx) : , (3)
whereas the ’centered’ chiral-odd skew tensor operatorM[µν] (κx,−κx) and the scalar operator N (κx,−κx) are given
by the following (anti)symmetrized operators (whose leading twist is τ0 = 3)
M[µν] (κx,−κx) = : ψ¯ (κx) σµν ψ (−κx) : − : ψ¯ (−κx) σµν ψ (κx) : ,
N (κx,−κx) = : ψ¯ (κx) ψ (−κx) : + : ψ¯ (−κx) ψ (κx) : . (4)
In the following we restrict our considerations to the operator content of the Compton amplitude. Namely, we
study twist contribution of the scalar operators O and N to the Compton amplitude (1) and, for completeness, also
the scalar operator M (κx,−κx) which is constructed out of the skew tensor operator M[µν] (κx,−κx) according to
M (κx,−κx) = ∂µx xν M[µν] (κx,−κx) .
Obviously, the operator O (κx,−κx) contributes to the leading light-cone singularity being independent of the quark-
mass m and also to the lower light-cone singularities being proportional to m2. The operator N (κx,−κx) only
contributes to quark-mass terms and therefore is not present if only leading contributions are considered.
II. COMPLETE TWIST DECOMPOSITION OF SCALAR OFF-CONE OPERATORS IN x-SPACE
Let us briefly repeat the procedure and those results of Ref. [7] which are relevant here, thereby also introducing
the terminology. First, one performs – without taking into account the ’external’ contractions with xν or ∂µxx
ν – a
formal Fourier transformation of the non-local operators followed by an expansion into local operators,
OΓ(x) (κx,−κx) =
∫
d4u OΓ(x) (u) e−iκux =
∞∑
n=0
(−iκ)n
n!
OΓn+i (x) . (5)
Here, O generically denotes {N,O,M} and Γ(x) denotes {I, x/ , ∂ρx xσσρσ} with i = {0, 1, 0} counting powers of
the external variable x. Furthermore, we treat the unsymmetrized operators only, but the final (anti)symmetrized
expressions can easily be obtained due to the κ−dependence. For notational simplicity we understand the factor
1/(2π)4 to be included into the measure of the Fourier transformation (5). (It is important to note that this Fourier
transformation has nothing to do with the (inverse) Fourier transformation w.r.t. q of the Compton amplitude (1)).
The explicit expressions for the moments OΓn+i (x) introduced above read
Nn (x) =
∫
d4u N(u) (ux)
n
=
∫
d4u
(
ψ¯ψ
)
(u) (ux)
n
, (6)
On+1 (x) =
∫
d4u Oρ(u) xρ (ux)
n
=
1
n+1
∫
d4u
(
ψ¯γρψ
)
(u) ∂uρ (ux)
n+1
, (7)
Mn (x) =
∫
d4u M [ρσ](u) ∂xρ xσ (ux)
n
=
∫
d4u
(
ψ¯ σρσψ
)
(u) ∂uσ uρ (ux)
n
. (8)
3Restricting onto the light-cone, x → x˜, x˜2 = 0, the twist decomposition is finite for all non-local QCD-operators
[5]. Especially, for scalar operators only the leading twist occurs, i.e., OΓ(x˜) (κx˜,−κx˜) = Otwτ0Γ(x˜) (κx˜,−κx˜) with
τ0 = {3, 2, 3}, respectively, while higher twists occur for vector and tensor operators.
However, off-cone the twist decomposition is infinite – also for scalar operators. In Ref. [7] using the group theoretical
method of Bargmann and Todorov [21] the twist decomposition has been given as follows:
OΓn+i (x) =
[n+i2 ]∑
j=0
(n+ i+ 1− 2j)!
4j j! (n+ i+ 1− j)!
(
x2
)j Otw(τ0+2j)Γ n+i−2j (x) . (9)
In Ref. [7] erroneously this summation over operators of definite twist was written with an additional factor (−1)j .
Here, the local scalar operators of definite twist are given by
Otw(τ0+2j)Γ n+i−2j (x) = Hn+i−2j
(
x2,✷x
)
✷
j
x OΓn+i (x) ,
where the operator Hn
(
x2,✷x
)
which projects onto (traceless) scalar harmonic tensors is defined as
Hn
(
x2,✷x
)
=
[n2 ]∑
k=0
(−1)k (n− k)!
4k k!n!
(
x2
)k
✷
k
x . (10)
It is obvious from expression (9) that the twist decomposition of the operators listed above is finite in x-space iff the
operators are taken on-cone since each contribution beyond leading twist is multiplied by an additional factor of x2
which vanishes in the limit x2 → 0.
The local operators of lowest twist which are relevant in the following read [7]:
N tw3n (x) =
∫
d4u
(
ψ¯ψ
)
(u) h1n (u, x) , (11)
M tw3n (x) =
∫
d4u
(
ψ¯ σρσψ
)
(u) uρxσ h
2
n−1 (u, x) , (12)
Otw2n+1 (x) =
1
n+1
∫
d4u
(
ψ¯γρψ
)
(u)
(
xρh
2
n (u, x)− 12uρx
2h2n−1 (u, x)
)
, (13)
Otw4n−1 (x) = n
∫
d4u
(
ψ¯γρψ
)
(u)
(
xρu
2h2n−2 (u, x)− 12uρu2x2h2n−3 (u, x) + 2uρh1n−1 (u, x)
)
, (14)
with
hνn (u, x) : =
(
1
2
√
u2x2
)n
Cνn
(
ux√
x2u2
)
for n ≥ 0 and (ν, n) 6= (0, 0) ,
hνn (u, x) : = 0 for n < 0 ,
where Cνn (z) are the Gegenbauer polynomials (see Ref. [22], Appendix II.11).
III. COMPLETE TWIST DECOMPOSITION OF SCALAR OFF-CONE OPERATORS IN q-SPACE
In this section it will be proven by explicit construction that the infinite off-cone twist decomposition becomes
finite after Fourier transformation with appropriate singular functions 1/
(
x2 − iǫ) and 1/ (x2 − iǫ)2 appearing in the
expansion (2). Depending on the order of the light-cone singularity the switch to q-space projects out leading and
also sub-leading twist, respectively, of the operator under consideration. (Since M (κx,−κx) is constructed out of
M[µν] we will treat it with the same pre-factor.)
4A. Scalar operators multiplied by the sub-leading light-cone singularity 1/(x2 − iǫ)
Let us begin with the Fourier transformation of N tw3 (κx,−κx) / (x2 − iǫ) as the simplest example:
∫
d4x
2π2
eiqx
1
x2 − iǫ N
tw3 (κx,−κx) =
∞∑
n=0
(−iκ)n
n!
∫
d4x
2π2
eiqx
1
x2 − iǫHn
(
x2,✷x
) ∫
d4u N(u) (ux)
n
= −i
∞∑
n=0
κn
∫
d4u N(u) Hn
(
u2,✷u
)
h
1
n(u, q) (15)
= −i
∞∑
n=0
κn
∫
d4u N(u) h1n(u, q) . (16)
Here we have used the fact that, since the monomial (ux)n is symmetric in both variables, Hn
(
x2,✷x
)
(ux)n =
Hn
(
u2,✷u
)
(ux)n and that the Fourier transformation of (ux)n /
(
x2 − iǫ) may be written in terms of Gegenbauer
polynomials, namely, it holds ∫
d4x
2π2
eiqx
(ux)
n
x2 − iǫ = −i
n+1 n! h1n (u, q) , (17)
with hνn(u, q) defined by
h
ν
n (u, q) :=
2n+ν Γ(ν)
(q2 + iε)n+ν
hνn (u, q) . (18)
Formula (17) can be derived by representing the monomial (ux)
n
by (−iu∂q)n outside the integral and using the
standard result that the Fourier transformation of 1/(x2 − iǫ) is given by −2i/ (q2 + iǫ). Performing all subsequent
q−differentiations one obtains the desired result.
Just like h1n(u, x) is harmonic in u and x, the polynomial h
1
n(u, q) is harmonic in u and q and therefore the projection
operator Hn
(
u2,✷u
)
in (15) reduces to the identity, giving immediately the local version (16). One may reformulate
this result by saying that the trace terms subtracted by Hn
(
x2,✷x
)
in x-space (cf. Eq. (10)) are cut-off by Fourier
transformation into the q-space.
In fact, the above result coincides with the Fourier transformation of the undecomposed operator. Namely,∫
d4x
2π2
eiqx
1
x2 − iǫ
(
N (κx,−κx)−N tw3 (κx,−κx))
= −i
∞∑
n=0
κn
[n2 ]∑
j=1
(n+ 1− 2j)!
4j j! (n+ 1− j)!
∫
d4u N (u) (u2)j ✷jq Hn−2j(u
2,✷u) h
1
n−2j (u, q)
vanishes term by term since ✷jq h
1
n−2j (u, q) = 0 for j ≥ 1. With this result in mind one easily convinces oneself that
the Fourier transform of the function
h1n (u, x) =
[n2 ]∑
k=0
(−1)k (n− k)!
4k k! (n− 2k)! (ux)
n−2k (
u2x2
)k
(19)
multiplied by 1/
(
x2 − iǫ) coincides with the Fourier transform of (ux)n/ (x2 − iǫ) given by Eq. (17). In fact, the
Fourier transform of all functions hνn (u, x) /
(
x2 − iǫ) is proportional to h1n (u, q).
Comparing the local operators of Eq. (16) with with those of Eq. (11) one observes that the structure in terms of
Gegenbauer polynomials is one and the same in x- and in q-space. Of course, in case of the scalar operator N this
result is not new and has first been given by Nachtmann in Ref. [8] in the case of forward scattering.
Finally, performing in expression (16) the summation over n in order to get a non-local operator, one may use the
summation properties of Gegenbauer polynomials (cf., Ref. [22], Eq. 5.13.1.1) leading to
∞∑
n=0
κn hνn(u, q) = 2
ν Γ (ν)
(
(q − κu+ iǫ)2)−ν , (20)
5with the result ∫
d4x
2π2
eiqx
1
x2 − iǫ N
tw3 (κx,−κx) = −2 i
q2 + iǫ
∫
d4u N(u)
1
(1− 2 κX + κ2X2M2) .
The variables X = (uq) /q2 and M2 = u2q2/ (uq)
2
are dimensionless fractions, which already have been introduced
in [16] where they are called −1/Ξ and −M2, respectively. If matrix elements are taken the variable u gets some
combination of the momenta. Then, in case of forward scattering X becomes the inverse Bjorken variable xB and
in more general processes [20] it generates all scaling variables necessary to fix the kinematic domain of the process,
e.g., ξ and η in the case of non-forward scattering. Analogously, M2 picks up all the products between incoming and
outgoing hadronic momenta and therefore generates all target mass corrections (see Ref. [7], formulae (2.11) to (2.14),
for details of the parameterization of hadronic matrix elements in different scattering processes).
Equipped with these basic tools we can immediately write down the Fourier transformation of the remaining scalar
non-local operators when multiplied with the pre-factor 1/
(
x2 − iǫ). For the operator M tw3 (κx,−κx) we get∫
d4x
2π2
eiqx
1
x2 − iǫ M
tw3 (κx,−κx) = −i
∞∑
n=0
κn
∫
d4u M [ρσ] (u) ∂uσ uρ h
1
n(u, q) (21)
= −i
∞∑
n=0
κn
∫
d4u M [ρσ] (u) qσ uρ h
2
n−1(u, q) (22)
=
4 i
(q2 + iǫ)
2
∫
d4u M [ρσ] (u)
qσ (−κuρ)
(1− 2 κX + κ2X2M2)2
where we have used the relation
∂uρ h
ν
n(u, q) = qρ h
ν+1
n−1(u, q)− uρ hν+1n−2(u, q) . (23)
Again, all sub-leading twists, beginning with twist–5, vanish for the same reason as before. Therefore, also in the case
of M (κx,−κx) the Fourier transformation acts as projection onto leading twist.
To complete the discussion we give the result for the operator Otw2 (κx,−κx):∫
d4x
2π2
eiqx
1
x2 − iǫ O
tw2 (κx,−κx) =
∞∑
n=0
κn
∫
d4u Oρ(u) ∂uρ h
1
n+1(u, q) (24)
=
∞∑
n=0
κn
∫
d4u Oρ(u)
(
qρ h
2
n(u, q)− uρ h2n−1(u, q)
)
(25)
=
4
(q2 + iǫ)
2
∫
d4u Oρ(u)
qρ − κuρ
(1− 2 κX + κ2X2M2)2 .
Comparing equations (22) and (25) with equations (12) and (13) one again observes the same structure in terms of
Gegenbauer polynomials (Remind, that hνn(u, q) contains an additional factor of (2/q
2)n+ν relative to hνn(u, q)).
As a comprising remark we conclude that the light-cone limit as well as the Fourier transformation with the light-
cone singularity 1/
(
x2 − iǫ) acts as a leading twist projection for scalar operators .
B. The operator O (κx,−κx) multiplied by the leading light-cone singularity 1/(x2 − iǫ)2
The scalar operator O (κx,−κx) appears in the Compton amplitude with the leading leading light-cone singularity
1/
(
x2 − iǫ)2. As a first step we provide the Fourier transformation of the complete operator,∫
d4x
2π2
eiqx
1
(x2 − iǫ)2 O (κx,−κx) =
1
2
∞∑
n=0
κn
∫
d4u Oρ(u) ∂uρ h
0
n+1(u, q) (26)
=
1
q2 + iǫ
∫
d4u Oρ(u)
qρ − κuρ
1− 2 κX + κ2X2M2 .
The technique used in the preceding section can be directly applied to the present case. One only needs the Fourier
transform of (ux)n/
(
x2 − iǫ)2 followed by the differentiations (−iu∂q)n which gives∫
d4x
2π2
eiqx
(ux)
n
(x2 − iǫ)2 = −
1
2
in+1 n! h0n (u, q) , n > 0 . (27)
6Equipped with this formula one gets the Fourier transform of Otw2 (κx,−κx) / (x2 − iǫ)2 as follows:
∫
d4x
2π2
eiqx
1
(x2 − iǫ)2 O
tw2 (κx,−κx) = 1
2
∞∑
n=0
κn
∫
d4u Oρ(u) ∂uρ Hn+1
(
u2,✷u
)
h
0
n+1(u, q)
=
∞∑
n=0
κn
4 (n+ 1)
∫
d4u Oρ(u) q2 ∂uρ h
1
n+1(u, q) (28)
= − 1
4 κ
∫
d4u Oρ(u) ∂uρ
(
L+ +
L−√
1−M2
)
.
Comparing equations (24) and (28) one realizes that the difference between the two expressions only consists in
an additional factor of q2/ (4 (n+ 1)) for the latter one. This factor occurs since ✷u h
0
n+1(u, q) = −2h1n−1(u, q)
and because of the fact that the following recurrence relation holds due to a corresponding one for the Gegenbauer
polynomials (see Ref. [22], Appendix II.11)
2 (n+ ν) hνn(u, q) = q
2
h
ν+1
n (u, q)− u2 hν+1n−2(u, q) . (29)
Summing up to a non-local operator is carried out by first substituting the factor 1/(n+ 1) by the integral
∫ 1
0
dτ τn
followed by a summation according to formula (20). As a last step the τ -integration is performed leading to a
representation in terms of the functions L+ and L− defined as
L± = ln
(
1− κX(1 +√1−M2))± ln(1− κX(1−√1−M2)) .
To prove the complete twist decomposition for the Fourier transformation of O (κx,−κx) /(x2 − iǫ)2 we straightfor-
wardly calculate the twist–4 part by
1
4
∫
d4x
2π2
eiqx
x2
(x2 − iǫ)2
∫ 1
0
dτ τ Otw4 (κτx,−κτx) = −
∞∑
n=0
κn
4 (n+ 1)
∫
d4u Oρ(u) ∂uρ u
2
h
1
n−1(u, q) (30)
= − 1
4 κ
∫
d4u Oρ(u) ∂uρ
(
L+ − L−√
1−M2
)
,
where we have again used the integral representation of 1/(n + 1), formula (17) and the harmonicity of h1n−1(u, q)
with respect to u. Again, one observes the same structure in terms of Gegenbauer polynomials of the local operators
in x− and q−space when the q−differentiation in (30) is performed and compared with Eq. (14).
As expected, adding formulae (28) and (30) and using relation (29) one immediately recovers the undecomposed
operator (26). Therefore, in terms of non-local operators the complete twist decomposition reads∫
d4x
2π2
eiqx
1
(x2 − iǫ)2 O (κx,−κx) =
∫
d4x
2π2
eiqx
1
(x2 − iǫ)2
(
Otw2 (κx,−κx) + x
2
4
∫ 1
0
dτ τ Otw4 (κτx,−κτx)
)
.
Again the above results (28) and (30) can be obtained by calculating directly the Fourier transform of (14), thereby
using the relation∫
d4x
2π2
eiqx
1
(x2 − iǫ)2 h
ν
n (u, x) = −in+1
(n+ ν − 2)!
4 (ν − 1)!
(
q2 h1n (u, q) + 2 (ν − 1) h0n (u, q)
)
.
IV. CONCLUSIONS
In this Letter we have shown by explicit calculation that the infinite twist decomposition of the scalar off-cone
operators N (κx,−κx), O (κx,−κx) and M (κx,−κx) in x−space as given in Ref. [7] becomes finite after Fourier
transformation with the corresponding singular functions appearing in the expansion (2) of the product of hadronic
currents near the light-cone. This twist cut-off depends on the order of the corresponding light-cone singularity. The
leading light-cone singularity 1/
(
x2 − iǫ)2 projects out the twist–2 and twist–4 content of the O-operator, while the
sub-leading singularity 1/
(
x2 − iǫ) acts as a projection onto leading twist for all considered operators. In addition,
as a general result we found that all local off-cone scalar operators of definite twist in q−space have exactly the same
structure in terms of Gegenbauer polynomials as the corresponding ones in x−space.
7These observations are of immediate phenomenological interest. They show that in physical processes only a finite
number of twists contribute to target-mass corrections and that these contributions, in principle, can be read off from
the off-cone twist decomposition in x−space.
Of course, the scalar operators treated here are not the most important ones. Therefore, a corresponding twist cut-
off may be assumed (and will be proven) also for the non-local (axial) vector operators O
(5)
µ (κx,−κx) and the skew
tensor operator M[µν](κx,−κx) which contribute to the leading and sub-leading light-cone singularity, respectively.
In addition, analogous considerations for the related vector operator xνM[µν](κx,−κx) are of interest, e.g., in the case
of Drell-Yan processes. These considerations are postponed to a subsequent article.
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